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Next-generation long-baseline electron neutrino appearance experiments will seek to discover CP
violation, determine the mass hierarchy and resolve the θ23 octant. In light of the recent precision
measurements of θ13, we consider the sensitivity of these measurements in a study to determine the
optimal baseline, including practical considerations regarding beam and detector performance. We
conclude that a detector at a baseline of at least 1000 km in a wide-band muon neutrino beam is
the optimal configuration.
PACS numbers: 14.60.Pq
I. INTRODUCTION
The goals of next-generation neutrino experiments in-
clude searching for CP violation in the lepton sector and
precision studies of the neutrino mixing matrix. These
measurements require an optimal combination of the ex-
perimental baseline (the distance between the neutrino
source and detector) and the neutrino beam energy. In
this paper, we study the baseline optimization for a long-
baseline neutrino experiment, assuming a wide-band neu-
trino beam originating from the Fermilab proton com-
plex.
Experimental observations [1–11] have shown that neu-
trinos have mass and undergo flavor oscillations due to
mixing between the mass states and flavor states. For
three neutrino flavors, the mixing can be described by
three mixing angles (θ12, θ13, θ23) and one CP-violating
phase parameter (δCP ). The probability for flavor os-
cillations also depends on the differences in the squared
masses of the neutrinos, ∆m221 and ∆m
2
31, where ∆m
2
ij ≡
m2i −m2j and ∆m231 = ∆m232 + ∆m221.
Five of the parameters governing neutrino oscillations
have been measured: all three mixing angles and the
magnitude of the two independent mass squared differ-
ences. Because the sign of ∆m231 is not known, there are
two possibilities for the ordering of the neutrino masses,
called the mass hierarchy: m1 < m2 < m3 (“normal hi-
erarchy”) or m3 < m1 < m2 (“inverted hierarchy”). The
value of the CP-violating phase δCP is unknown. An-
other remaining question is the octant of θ23: measured
values of sin2(2θ23) are close to 1 [1, 3, 5], but the data
are so far inconclusive as to whether θ23 is less than or
greater than 45◦, the value for maximal mixing between
νµ and ντ .
The mass hierarchy, the value of δCP , and the θ23 oc-
tant (value of sin2 θ23) affect the muon neutrino to elec-
tron neutrino oscillation probability over a long baseline.
The oscillation probability can be approximated by [12]
P (νµ → νe) ≈ sin2 θ23 sin2 2θ13 sin
2(∆31 − aL)
(∆31 − aL)2 ∆
2
31
+ sin 2θ23 sin 2θ13 sin 2θ12
sin(∆31 − aL)
(∆31 − aL) ∆31
sin(aL)
(aL)
∆21 cos(∆31 + δCP )
+ cos2 θ23 sin
2 2θ12
sin2(aL)
(aL)2
∆221 (1)
where ∆ij = ∆m
2
ijL/4Eν , a = GFNe/
√
2, GF is the
Fermi constant, Ne is the number density of electrons
in the Earth, L is the baseline in km, and Eν is the
neutrino energy in GeV. The corresponding probability
for antineutrinos is the same, except that a → −a and
δCP → −δCP . Figure 1 shows the probability as a func-
tion of L/Eν for various cases.
The maximum oscillation probabilities in vacuum oc-
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FIG. 1. The νµ → νe oscillation probability as a function of baseline/neutrino energy (L/Eν) as given by Equation 1. The top
graph (a) shows the full probability for vacuum oscillations with δCP = 0 and shows the contribution from the sin
2(2θ13) term
and the sin2(2θ12) term (also called the solar term). The middle graph (b) shows the full probability in vacuum for different
values of δCP . The bottom graph (c) shows the full probability in matter, assuming constant matter density, for different
baselines compared to the vacuum probability with δCP = 0. The oscillation parameter values used to draw these curves are
given in Section IV.
cur at
L
En
(
km
GeV
)
≈ (2n− 1)
(pi
2
) 1
1.267×∆m232(eV2)
, (2)
where En is the neutrino energy at the n
th oscillation
maximum. For longer baselines, it is possible to observe
multiple oscillation maxima in the spectra if the neutrino
flux covers a wide range of energy. At short baselines,
the higher order maxima (n > 1) are typically too low
in energy to be observable with high-energy accelerator
beams.
A CP-violating value of δCP (δCP 6= 0 and δCP 6= pi)
would cause a difference in the probabilities for νµ → νe
and ν¯µ → ν¯e transitions. The CP asymmetry Acp is
3defined as
Acp(Eν) =
[
P(νµ → νe)− P(ν¯µ → ν¯e)
P(νµ → νe) + P(ν¯µ → ν¯e)
]
. (3)
If δCP = 0 or pi, the transition probability for oscilla-
tions in vacuum is the same for neutrinos and antineutri-
nos. For oscillations in matter, the MSW matter effect
[13, 14] creates a difference between the neutrino and an-
tineutrino probabilities, even for δCP = 0 or δCP = pi.
For oscillations in matter with δCP 6= 0 and δCP 6= pi,
there is an asymmetry due to both CP violation and the
matter effect. A leading-order approximation of the CP
asymmetry in the three-flavor model is given by [15]
Acp(Eν) ≈cos θ23 sin 2θ12 sin δCP
sin θ23 sin θ13
(
∆m221L
4Eν
)
+ matter effects. (4)
In principle, a measurement of the parameter δCP
could be performed based on a spectrum shape fit with
only neutrino beam data. However, long-baseline ex-
periments seek not only to measure the parameter, but
to explicitly demonstrate CP violation by observing the
asymmetry between neutrinos and antineutrinos. Addi-
tionally, a comparison of the measured value of δCP based
on neutrino data alone to that based on the combined fit
of neutrino and antineutrino data will be a useful cross-
check.
Figure 2 shows the asymmetry for different baselines
calculated at both the first and second oscillation max-
ima, since only these two maxima are accessible in prac-
tical accelerator experiments. The asymmetry is shown
assuming only matter effects (δCP = 0) or only maximal
δCP effects (in vacuum). The matter asymmetry grows
as a function of baseline, and therefore distinguishing the
normal and inverted hierarchies by measuring neutrino
and antineutrino events becomes easier as the baseline
increases, as long as the number of appearance events
stays constant. The asymmetry due to nonzero δCP is
constant as a function of baseline at both the first and
second oscillation maximum. At the first oscillation max-
imum, the maximum CP asymmetry is larger than the
matter asymmetry only for baselines less than ∼1000 km.
However, at the second oscillation maximum, the maxi-
mal CP asymmetry dominates the matter asymmetry at
all baselines. The second oscillation maximum therefore
has good sensitivity to CP violation, independent of the
mass hierarchy. At short baselines, the second oscilla-
tion maximum occurs at an energy that isn’t observable.
Therefore at short baselines, any observed asymmetry
could be due to either the matter effect or CP violation
at the first oscillation maximum; additional information
is needed to determine the cause of the asymmetry. At
longer baselines with a wide-band beam, the ambiguity
at the first oscillation maximum can be resolved using
the information from the second oscillation maximum.
Previous studies (for example, [16–18]) have consid-
ered the optimal baseline for measurements of muon neu-
trino to electron neutrino oscillations using a wide-band
neutrino beam from Fermilab. However, these studies
were conducted before the value of θ13 was measured by
reactor antineutrino experiments [9–11]. The measured
value of θ13 has been incorporated into other recent long-
baseline oscillation sensitivity estimates, but the study
presented in this paper is unique in considering differ-
ent baselines. We reconsider the baseline optimization
for an electron neutrino appearance measurement using
the measured value of θ13 and realistic simulations of a
wide-band neutrino beam facility at Fermilab.
II. EXPECTED ELECTRON NEUTRINO
APPEARANCE RATE
In a conventional neutrino beam, protons hit a station-
ary target producing secondary particles, most of which
are pions. The positively charged pions are focused in the
forward direction by a toroidal magnetic field generated
by magnetic horns. The pions are then allowed to decay
to produce a muon neutrino beam. At the end of the
decay region an absorber stops the remaining secondary
particles from the initial proton collision, and the muons
produced in the decay pipe are stopped in rock located
beyond the absorber. A muon antineutrino beam can
be created by reversing the magnetic field to focus neg-
atively charged pions. Horn-focused beams are techno-
logically well-matched to long-baseline experiments with
neutrino energy > 1 GeV since horn focusing is optimal
for focusing hadrons > 2 GeV and can be used effectively
to charge-select the focused hadrons. In this study, we
use the simulated flux from horn-focused beams to eval-
uate the sensitivity of long-baseline neutrino oscillation
experiments at different baselines. In this section, we
discuss the expected dependence of the electron neutrino
appearance rate on baseline, making ideal flux assump-
tions and ignoring any detector effects for simplicity.
The total number of electron neutrino appearance events expected for a given exposure from a muon neutrino
source as a function of baseline is given as
Nappearνe (L) = Ntarget
∫
Φνµ(Eν , L)× P νµ→νe(Eν , L)× σνe(Eν)dEν (5)
where Φνµ(Eν , L) is the muon neutrino flux as a function of neutrino energy, Eν , and baseline, L, σ
νe(Eν) is the
electron neutrino inclusive charged-current cross-section per nucleon (N), Ntarget is the number of target nucleons per
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FIG. 2. Asymmetry vs baseline at the first (black line) and second (green line) oscillation maxima. The solid lines show the
asymmetry due to the matter effect only (δCP = 0) for the normal hierarchy (left plot) or inverted hierarchy (right plot). The
dashed lines show the maximum CP asymmetry in vacuum, with δCP = −pi/2 (left plot) or δCP = pi/2 (right plot). The
oscillation parameter values used to draw these curves are given in Section IV.
kt of detector fiducial volume, and P νµ→νe(Eν , L) is the appearance probability in matter. For this discussion, the
units are always assumed to be km for L, GeV for Eν , and eV
2 for ∆m231.
For a simple estimate of the electron neutrino appearance rate as a function of baseline, we assume the neutrino
beam source produces a flux that is constant in the oscillation energy region (Equation 6), and we approximate
the appearance probability with the dominant term without matter effects (Equation 7). The expressions for the
electron neutrino charged-current cross-section and number of target nucleons per kt are given in Equations 8 and 9,
respectively.
Φνµ(Eν , L) ≈ C
L2
, C = number of νµ/m
2/GeV/(MW-yr) at 1 km (6)
P νµ→νe(Eν , L) ≈ sin2 θ23 sin2 2θ13 sin2(1.27∆m231L/Eν) (7)
σνe(Eν) = 0.67× 10−42(m2/GeV/N)× Eν , Eν > 0.5 GeV (8)
Ntarget = 6.022× 1032N/kt (9)
For a 120-GeV proton beam from the Fermilab Main Injector with a live time of 2×107 s/yr, 1 MW-yr corresponds to
approximately 1021 protons on target. A beam simulation with perfect hadron focusing (in which all secondary mesons
are assumed to be focused towards the far detector) produces a peak flux of roughly 0.12× 10−3 νµ/m2/GeV/proton-
on-target at 1 km (see Figure 5). Combining these numbers and naively assuming a flat spectrum, we obtain C ≈
1.2 × 1017 νµ/m2/GeV/(MW-yr) at 1 km. Using this assumption and the approximations in Equations 6-9, we find
that
Nappearνe (L) ≈ (1.8× 106events/(kt-MW-yr))(km/GeV)2 ×
∫ x1
x0
sin2(ax)
x3
dx, (10)
x ≡ L/Eν , a ≡ 1.27∆m231.
Integrating Equation 10 over the region of the first two oscillation maxima such that x0 = 100 km/GeV and x1 =
2000 km/GeV (see Figure 1), yields
Nappearνe (L) ∼ O(20) events/(kt-MW-yr) (11)
As seen from the simplified discussion presented above,
the νe appearance rate for vacuum oscillations is a con-
stant that is largely independent of baseline for baselines
5>300 km. The event rates at experiments with baselines
<300 km are lower because the neutrino cross-sections at
energies < 0.5 GeV are not linear with energy. For oscil-
lations in matter, the electron neutrino appearance prob-
ability at the first oscillation maximum increases with
baseline for the case of normal hierarchy (as shown in
Figure 1c) and decreases for inverted hierarchy.
For real neutrino beams generated from pion decays in
flight, it is not possible to produce a neutrino flux that is
constant over a large range of energies. Hadron produc-
tion from the proton target and decay kinematics due to
the finite decay volume will produce a reduced neutrino
flux at higher energies when a fixed proton beam energy is
used. The lower flux at higher energies, and hence longer
baselines, will counteract the event rate increase from
the matter effect (assuming a neutrino beam and normal
hierarchy). This effect is illustrated in Figure 3. We cal-
culate the νe appearance event rate integrated over the
region of the first two oscillation maxima using the ap-
pearance probability given by Equation 1 assuming a con-
stant flux or a horn-focused beam with a perfect-focusing
system. For the constant flux assumption, we use Equa-
tion 6 with C ≈ 1.2× 1017 νµ/m2/GeV/(MW-yr) as be-
fore. The results from this more detailed calculation are
comparable to Equation 11 and illustrate the slowly vary-
ing dependence on baseline.
Figure 4 shows separately the event rate in each of
the first two oscillation maxima assuming the flux ob-
tained from a perfect-focusing system with a fixed decay
pipe length. With perfect focusing, the event rate in the
region of the second oscillation maximum is relatively
constant for baselines greater than 1200 km. Therefore,
based on these considerations, we don’t expect the sensi-
tivity to CP violation to increase as a function of baseline,
but remain roughly the same. The event rate in the re-
gion of the first maximum decreases with baseline due to
the decreasing flux from the beam and increasing impact
from the matter asymmetry. For longer baselines, the
decrease in flux in the region of the first maximum can
be ameliorated by using longer decay pipes to increase
the number of pion decays at higher energy.
The perfect-focusing system assumed in Figure 4 uses
a 120-GeV primary proton beam which can be produced
at the Fermilab Main Injector. An alternate strategy
of focusing on the second oscillation maximum at long
baselines by using a lower primary proton beam energy
will not be considered in this study. With a lower proton
energy, the integrated rates in the first and second oscilla-
tion maxima are more similar, and the second maximum
contributes greatly to the CP violation sensitivity. At
120 GeV however, the rates at the first maximum domi-
nate at all baselines in neutrino mode (shown in Figure
4), and accessing the second maximum by going to longer
baselines is unlikely to yield significant enhancements to
the sensitivity. The optimal baseline therefore depends
on the energy of the primary proton beam. The high-
est power from the Fermilab proton complex is currently
available at an energy of 120 GeV, and that is the only
proton beam energy considered in this study.
The sensitivity studies in this paper assume a horn-
focused neutrino beam with realistic focusing and in-
clude detector effects. The NuMI [19] design of double-
parabolic horns was chosen as the basis for these simula-
tions because the NuMI horns were designed to be used
as tunable, focusing magnetic lenses over a wide range
of hadron energy. The comparison between perfect fo-
cusing and focusing using the NuMI system is given in
Figure 5, which shows the neutrino flux at 1 km from
a 120-GeV proton beam incident on a target two inter-
action lengths in thickness. An evacuated hadron decay
pipe 380 m in length and 4 m in diameter is assumed for
this comparison. The next section discusses the details of
the simulated fluxes with realistic focusing used for the
sensitivity calculations at each baseline.
III. BEAM SIMULATIONS
This study uses neutrino and antineutrino fluxes de-
rived from GEANT3 [20] beamline simulations optimized
to cover the energy region of the first oscillation maxi-
mum (and the second maximum if possible) at each base-
line considered. The beam simulation at each baseline
assumes a 1.2-MW 120-GeV primary proton beam that
delivers 1× 1021 protons-on-target per year. A graphite
target with a diameter of 1.2 cm and a length equiva-
lent to two interaction lengths is assumed. The double-
parabolic NuMI focusing horn design is used [19], with a
horn current of 250 kA. The separation between the two
horns is assumed to be 6 m. The decay pipe is 4 m in
diameter and is assumed to be evacuated. The beamline
parameters that are varied for different baselines (dis-
tance between target and horn, decay pipe length, and
off-axis angle) are summarized in Table I. We change the
decay pipe length in increments of 100 m to match the
decay length of a pion whose energy corresponds to the
neutrino energy of the first oscillation maximum. For
baselines > 1000 km, when considering different configu-
rations that cover the oscillation region appropriately, we
choose the configuration at each baseline that maximizes
CP sensitivity.
Figure 6 shows the ratio of the νe appearance signal
spectra used in this study (assuming δCP = 0 and normal
hierarchy) to the appearance spectra obtained assuming
perfect hadron focusing for baselines of 1000, 2000, and
3000 km. The perfect-focusing fluxes use the same de-
cay pipe lengths for each baseline as given in Table I.
The simulated fluxes achieve up to ∼80% of the perfect-
focusing flux in the region of interest, indicated by the
horizontal lines for each spectrum; our calculations are
based on the achievable and excellent performance char-
acteristics of such beams.
Because conventional neutrino beams (with cur-
rently understood technological limits on magnetic field
strengths) are not efficient at focusing hadrons with en-
ergy less than 1 GeV, we use off-axis beams to gener-
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ate the flux required for baselines shorter than 1000 km.
The off-axis beams are tuned to match the energy range
of the first oscillation maximum. Studies have indicated
that in addition to varying the focusing geometry and
off-axis angle, further optimization could be obtained by
varying the proton beam energy for the shorter base-
lines, but the highest power from the Fermilab proton
complex is available at an energy of 120 GeV. As a point
of comparison, we considered an on-axis beam with an
8-GeV primary proton beam at 300 km with the same ex-
posure and found that the event rate wasn’t better than
the off-axis 120-GeV beam (580 signal events and 290 to-
tal background events integrated in reconstructed energy
over the first maximum, to be compared with numbers
in Table III).
While further refinements could be made to the flux
optimization, the fluxes used in this study are nearly op-
timal for each baseline and are realistic representations
of what could be achieved with a neutrino beam facility
at Fermilab.
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TABLE I. The beam configuration used at each baseline to determine the optimal baseline for the next generation long-baseline
experiment. The beam parameters are chosen to cover the first oscillation maximum at each baseline.
Baseline Target-Horn 1 distance Decay pipe length Off-axis angle
300 km 30 cm 280 m 2◦
500 km 30 cm 280 m 1.5◦
750 km 30 cm 280 m 1.0◦
1000 km 0 cm 280 m 0◦
1300 km 30 cm 380 m 0◦
1700 km 30 cm 480 m 0◦
2000 km 70 cm 580 m 0◦
2500 km 70 cm 680 m 0◦
3000 km 100 cm 780 m 0◦
IV. EXPERIMENTAL ASSUMPTIONS
The signal of muon (anti)neutrino to electron
(anti)neutrino oscillations is an excess of νe or ν¯e charged-
current (CC) interactions over background. νe (ν¯e) CC
events are identified by the e− (e+) in the final state. An
irreducible background is caused by νe and ν¯e intrinsic to
the beam, most of which are created by decays of kaons
and muons in the decay region. Neutral-current (NC) in-
teractions create background when the hadronic shower
has an electromagnetic component, often caused by the
decay of pi0s. νµ CC interactions create background when
the final state muon is not identified. Due to νµ → ντ os-
cillations, there is background contribution from ντ CC
interactions in which the decay products of the τ mimic
a signal event. We expect that additional kinematic cuts
can be applied to the selected sample to reduce the back-
ground from ντ CC interactions without a significant loss
of signal events. In this study we consider two cases: the
maximum ντ CC background assuming no background
reduction is possible and zero ντ CC background assum-
ing it can be completely eliminated with no reduction in
signal. The ντ CC background is most important for the
longer baseline configurations (>1500 km), in which a
significant portion of the neutrino flux has energy above
the τ production threshold.
In the neutrino-beam mode, there is a small back-
ground from wrong-sign (antineutrino) contamination in
the beam, which we consider negligible. However, in the
antineutrino-beam mode, the wrong-sign (neutrino) con-
tamination is much more substantial, and is therefore
included in this study.
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TABLE II. Detector performance parameters related to the identification of νe CC events.
Parameter Value
νe CC efficiency 80%
NC mis-identification rate 1%
νµ CC mis-identification rate 1%
ντ CC mis-identification rate ∼20%
Other background 0%
νe CC energy resolution 15%/
√
E(GeV )
As a reference, we use a liquid argon (LAr) TPC with
an exposure of 350 kt-MW-yr (which roughly corresponds
to a 6-year exposure of a 50-kt detector in a 1.2-MW
beam). Our results, however, can be easily extrapolated
to other combinations of detector size and beam inten-
sity. Parameters describing the selection efficiency and
detector energy response were input into the GLoBES
software package [21, 22] to calculate and analyze the
predicted spectra. The detector performance parame-
ters used for the study are shown in Table II. Most of
these parameters are derived from studies of LAr TPC
simulations and studies of the ICARUS detector perfor-
mance [23–26]. The NC true-to-visible energy conversion
is based on a fast MC simulation developed for LBNE
[27, 28], a planned experiment which will use a muon
neutrino beam to study electron neutrino appearance.
The MC uses flux simulations (derived from GEANT3
beamline simulations as previously described) and the
GENIE event generator [29] to generate neutrino inter-
actions on argon. Events can be classified as νe CC-like
based on event-level reconstructed quantities. The ντ CC
background energy-dependent mis-identification rate and
true-to-visible energy conversion is also calculated based
on the fast MC.
The oscillation parameter values and uncertainties as-
sumed in this study are: θ12 = 34 ± 1◦, θ13 = 9 ± 1◦,
θ23 = 38 ± 3◦ (θ23 = 52 ± 3◦ when the second octant
solution is considered), ∆m221 = (7.54±0.24)×10−5 eV2
and |∆m231| = (2.47 ± 0.08) × 10−3 eV2, mostly based
on the global fit in [30]. The uncertainty on θ13 comes
from the systematic uncertainty given in [31], on the as-
sumption that the statistical uncertainty on θ13 will be
negligible within a few years. The oscillation probabil-
ity calculation in GLoBES is exact, and matter effects
9are incorporated in GLoBES assuming a constant mat-
ter density equal to the average matter density from the
PREM [32, 33] onion shell model of the earth. Using the
PREM matter profile built into GLoBES rather than the
average matter density produces a negligible change in
the oscillation signal rates (at most 1%).
The expected neutrino and antineutrino spectra at
each baseline are shown in Figures 7-10. The expected
event rates, assuming normal hierarchy, for neutrino and
antineutrino-beam modes are shown in Tables III and IV,
respectively. Figure 11 shows the rates as a function of
baseline.
The neutrino signal event rates with realistic flux sim-
ulation and detector effects are roughly constant across
the baselines considered in the study (Figure 11). The
antineutrino rates are lower than the neutrino rates due
to both lower pi− production rates and lower antineutrino
cross-sections. The antineutrino signal rate decreases
slightly with baseline due to the energy dependence of
the pi− production, which has a steeper drop-off in en-
ergy than the pi+ production rate.
V. ANALYSIS
To compare the sensitivity at each baseline, we use
GLoBES to calculate the significance of the mass hierar-
chy, CP violation, and octant determination. Predicted
neutrino and antineutrino spectra are generated for ap-
propriate values of δCP and the mass hierarchy for the
hypothesis being tested, and a χ2 minimization is per-
formed on the spectra. The χ2 minimization takes cor-
relations between the oscillation parameters into account
and considers both octant solutions for θ23 in the mass
hierarchy and CP violation analysis. The χ2 is given by
χ2(ntrue,ntest, f)
= 2
Nreco∑
i
(ntruei ln
ntruei
ntesti (f)
+ ntesti (f)− ntruei ) + f2
(12)
where n are the event rate vectors in Nreco bins of re-
constructed neutrino energy and f is a nuisance param-
eter to be profiled. The nuisance parameters include the
already-measured oscillation parameters and signal and
background normalizations. The oscillation parameters
are constrained within their experimental uncertainties
given in Section IV. We perform a combined fit to the νe
appearance and νµ disappearance spectra. We assume
a 1% (5%) uncertainty in the signal normalization for
νe (νµ) and a 5% (10%) uncertainty in the background
normalization for νe (νµ) in the fit, where the normaliza-
tion uncertainties are uncorrelated among the four (νe,
ν¯e, νµ, ν¯µ) modes. Achieving this level of precision will
require a well-designed near detector and careful analysis
of detector efficiencies and other systematic errors. See
[27] for a detailed discussion of the expected systematic
uncertainties based on current and former experiments.
We will not analyze this issue in this paper.
For the calculations at each baseline, we assume an
equal amount of exposure in neutrino-beam mode and
antineutrino-beam mode. The relative amount of neu-
trino and antineutrino beam time could be optimized for
each baseline in future studies. For example, it is slightly
more optimal at longer baselines to collect more neutrino
(antineutrino) data assuming normal mass hierarchy (in-
verted mass hierarchy).
A. Mass Hierarchy
To calculate the mass hierarchy significance, the χ2
minimization considers only those solutions that have the
opposite hierarchy from that which was used to generate
the true spectra. For example, if the true hierarchy is
assumed to be normal, we assume the inverted hierarchy
for the observed spectra in the χ2 calculation. This allows
us to determine the significance at which we can exclude
the inverted hierarchy given the true hierarchy is normal.
To properly interpret the mass hierarchy physics sen-
sitivity, special attention should be paid, as the mass
hierarchy determination has only two possible outcomes
(normal vs. inverted hierarchy). Ref. [34] carefully ex-
amines the statistical nature of this problem and shows
the connection between an expected average ∆χ2 and
probability of mass hierarchy determination. In particu-
lar, an experiment with physics sensitivities determined
by ∆χ2 = 9 and 25 (corresponding to 3 and 5−σ of aver-
age separation between the two hypotheses) would have
93.32% and 99.38% probabilities of rejecting the wrong
mass hierarchy, with a 6.68% and 0.62% probability of
incorrect identification, respectively.
Figure 12 (13) shows the fraction of all possible true
δCP values for which we can determine normal or in-
verted hierarchy with a minimum value of ∆χ2 = 9 (25)
as a function of baseline. We find the mass hierarchy can
be determined for 100% of all δCP values at a baseline
of at least 1000 km (1300 km) with a minimum value
of ∆χ2 = 9 (25). The inclusion of the maximum ντ
CC background does not have a noticeable effect on the
mass hierarchy sensitivity. The shaded band shows the
possible range in the fraction due to the uncertainty in
the other oscillation parameters, dominated by the uncer-
tainty in θ23. Both octant solutions for θ23 are considered
by the shaded region.
Existing electron neutrino appearance experiments
([6, 35]) and proposed reactor antineutrino experiments
[36] will seek to constrain the mass hierarchy before a
next-generation long-baseline experiment such as LBNE
begins taking data. However, unambiguous determina-
tion of the mass hierarchy for all possible values of δCP
is very difficult for existing electron neutrino appearance
experiments because of the degeneracy between the mat-
ter and CP asymmetries. The electron neutrino appear-
ance and reactor antineutrino disappearance methods are
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FIG. 7. Neutrino spectra for normal hierarchy: Reconstructed energy distribution of selected νe CC-like events assuming a
175 kt-MW-yr exposure in the neutrino-beam mode at each baseline. The plots assume normal mass hierarchy. The signal
contribution is shown for various values of δCP .
complementary, so it is preferable to make both measure-
ments. Therefore, the mass hierarchy sensitivity is still a
relevant consideration in choosing the optimal baseline.
The sensitivity calculations above assume a
350 kt-MW-yr exposure. Figure 14 (15) shows the
exposure required to determine normal (left) or inverted
(right) mass hierarchy with a significance of ∆χ2 = 25
(∆χ2 = 9) for all possible values of δCP as a function of
baseline.
B. CP Violation
To determine the sensitivity to CP violation, we calcu-
late the significance of excluding the CP-conserving val-
ues of δCP = 0, pi. The significance of the CP violation
measurement is defined as σ =
√
∆χ2. Figure 16 shows
the fraction of all possible true δCP values for which we
can exclude CP-conserving values of δCP with a sensitiv-
ity of at least 3σ (∆χ2 = 9) as a function of baseline, for
both normal and inverted hierarchy. In these plots we as-
sume that the true hierarchy is unknown by considering
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FIG. 8. Neutrino spectra for inverted hierarchy: Reconstructed energy distribution of selected νe CC-like events assuming a
175 kt-MW-yr exposure in the neutrino-beam mode at each baseline. The plots assume inverted mass hierarchy. The signal
contribution is shown for various values of δCP .
both hierarchy solutions in the minimization. The maxi-
mum sensitivity to CP violation is achieved for baselines
between 750 km and 1500 km, with the very short base-
lines having the worst sensitivity. If the maximum ντ
CC background is included, the sensitivity decreases for
very long baselines. The shaded band shows the possible
range in the fraction due to the uncertainty in the other
oscillation parameters, dominated by the uncertainty in
θ23. Both octant solutions for θ23 are considered by the
shaded region.
Figure 17 shows CP violation sensitivities in plots sim-
ilar to Figure 16, in which we assume that the true hier-
archy is known and consider only those solutions cor-
responding to the true hierarchy in the minimization.
Knowing the mass hierarchy significantly increases the
CP violation sensitivity at shorter baselines. This ef-
fect is illustrated in Figure 18, which shows the signifi-
cance as a function of the true value of δCP for 300 km,
750 km, and 1300 km baselines. The shorter baselines
do not have the advantage of the large CP asymmetry
in the second oscillation maximum and therefore the CP
measurement at short baselines suffers from the ambigu-
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FIG. 9. Antineutrino spectra for normal hierarchy: Reconstructed energy distribution of selected νe and ν¯e CC-like events
assuming a 175 kt-MW-yr exposure in the antineutrino-beam mode at each baseline. The plots assume normal mass hierarchy.
The signal contribution is shown for various values of δCP .
ity of the matter asymmetry and the CP asymmetry in
the first oscillation maximum. If the hierarchy is known,
this ambiguity is removed. The differences in sensitivity
among the baselines are smaller when the mass hierar-
chy is known, but, as noted in the previous section, an
unambiguous measurement of the mass hierarchy using
electron neutrino appearance will remain a high priority.
The sensitivity calculations above assume a
350 kt-MW-yr exposure. Figure 19 (20) shows the
exposure required to observe CP violation with a signif-
icance of 5σ (3σ) for 50% (75%) of all possible values of
δCP as a function of baseline.
We consider not only the significance of determining
CP violation, but also the precision with which the value
of δCP can be measured. Figure 21 shows the δCP res-
olution (1σ uncertainty, equivalent to ∆χ2 = 1) as a
function of baseline for different true values of δCP . The
dependence of the resolution on the value of δCP is shown
explicitly in Figure 22 for different baselines. Figure 23
shows the resolution for each baseline when δCP = 0
◦,
and compares the resolutions obtained when we include
the maximum ντ CC background and the range of al-
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FIG. 10. Antineutrino spectra for inverted hierarchy: Reconstructed energy distribution of selected νe and ν¯e CC-like events
assuming a 175 kt-MW-yr exposure in the antineutrino-beam mode at each baseline. The plots assume inverted mass hierarchy.
The signal contribution is shown for various values of δCP .
lowed values for the oscillation parameters. These plots
assume that the mass hierarchy is known. Even if the
mass hierarchy is perfectly known, the resolution is poor-
est for short baselines, particularly for δCP = ±90◦ [37]
C. θ23 Octant
To calculate the significance of determining the θ23 oc-
tant, the χ2 minimization only considers solutions that
have the opposite octant from that which is used to gen-
erate the true spectra. For example, if the true value of
θ23 is assumed to be in the first octant, we assume θ23
in the second octant for the observed spectra in the χ2
calculation. This allows us to determine the significance
at which we can exclude the second octant solution given
the true value of θ23 is in the first octant. The significance
of the octant measurement is defined as σ =
√
∆χ2. Fig-
ure 24 shows the fraction of all possible true δCP values
for which we can determine the octant with a sensitiv-
ity of at least 5σ (∆χ2 = 25) as a function of baseline
assuming normal or inverted mass hierarchy, if the true
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TABLE III. Event rates in neutrino mode: The number of signal and background events integrated in reconstructed energy
over the first maximum (and second, if possible) for a 175 kt-MW-yr exposure at each baseline in neutrino mode. These rates
assume normal hierarchy (inverted hierarchy) and δCP = 0. (Note that the sensitivities presented in this paper are not based
solely on rates, but are calculated by fitting the spectra in bins of reconstructed energy.)
Signal Background
Baseline (km) νe CC Total νe CC νµ CC ντ CC NC
300 752 (532) 276 157 75 1 43
500 692 (504) 230 139 45 2 44
750 738 (470) 266 133 60 9 64
1000 1049 (555) 392 144 101 37 110
1300 1107 (486) 422 146 102 95 79
1700 906 (288) 330 127 68 92 43
2000 1030 (267) 446 114 69 217 46
2500 854 (130) 331 93 49 164 25
3000 844 (77) 370 81 38 226 25
TABLE IV. Event rates in antineutrino mode: The number of signal and background events integrated in reconstructed energy
over the first maximum (and second, if possible) for a 175 kt-MW-yr exposure at each baseline in antineutrino mode. These
rates assume normal hierarchy (inverted hierarchy) and δCP = 0. (Note that the sensitivities presented in this paper are not
based solely on rates, but are calculated by fitting the spectra in bins of reconstructed energy.)
Signal Background
Baseline (km) (ν¯e+νe) CC Total (ν¯e+νe) CC (ν¯µ+νµ) CC (ν¯τ+ντ ) CC NC
300 181 (157) 96 46 22 1 27
500 167 (192) 91 49 15 2 25
750 181 (240) 111 50 21 6 34
1000 266 (348) 186 57 37 30 62
1300 243 (378) 190 57 37 53 43
1700 166 (344) 161 53 26 57 25
2000 164 (362) 201 47 26 104 24
2500 112 (331) 156 39 19 84 14
3000 89 (316) 158 31 15 100 12
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FIG. 11. Event rates vs baseline: The number of signal and background events integrated in reconstructed energy over the first
maximum (and second, if possible) for a 175 kt-MW-yr exposure at each baseline in neutrino (left) and antineutrino (right)
modes. These rates assume normal hierarchy and δCP = 0. (Note that the sensitivities presented in this paper are not based
solely on rates, but are calculated by fitting the spectra in bins of reconstructed energy.)
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FIG. 12. The fraction of all possible δCP values for which we can determine normal (left) or inverted (right) mass hierarchy
with a minimum value of ∆χ2 = 9 as a function of baseline. An expected average value of ∆χ2 = 9 corresponds to a 93.32%
probability of determining the correct mass hierarchy according to the analysis in [34]. The solid black (red dashed) line shows
the result including zero (maximum) ντ CC background. The shaded band shows the possible range in the fraction due to the
uncertainty in the other oscillation parameters and considers both octant solutions for θ23.
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FIG. 13. The fraction of all possible δCP values for which we can determine normal (left) or inverted (right) mass hierarchy
with a minimum value of ∆χ2 = 25 as a function of baseline. An expected average value of ∆χ2 = 25 corresponds to a 99.38%
probability of determining the correct mass hierarchy according to the analysis in [34]. The solid black (red dashed) line shows
the result including zero (maximum) ντ CC background. The shaded band shows the possible range in the fraction due to the
uncertainty in the other oscillation parameters and considers both octant solutions for θ23.
value of θ23 is within the 1-σ allowed region [30]. In these
plots we assume that the true hierarchy is unknown by
considering both hierarchy solutions in the minimization.
We find the octant can be determined at 5σ for 100% of
all δCP values at a baseline of at least 1000 km. We
find that the sensitivity at the shortest baselines could
increase slightly if the true mass hierarchy is known, but
the long baselines still have the best sensitivity.
D. Precision Mixing Angle Measurements
A long-baseline experiment will also make precision
measurements of the mixing angles. Figure 25 shows the
resolution of sin2(2θ13) as a function of baseline for the
nominal exposure of 350 kt-MW-yr. The true mass hi-
erarchy is assumed to be known, and we assume no ντ
CC background for this calculation. The curves for 100
and 1000 kt-MW-yr exposures are also shown. The best
resolution can be achieved at baselines between 1000 and
1500 km.
Figure 26 shows the resolution of sin2 θ23 as a function
of baseline for the nominal exposure of 350 kt-MW-yr.
Normal hierarchy is assumed for this calculation, but the
choice of hierarchy has negligible impact on this measure-
ment. The curves for 100 and 1000 kt-MW-yr exposures
are also shown. The resolution is roughly constant as a
function of baseline for baselines 500 km and greater.
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FIG. 14. The exposure required to determine normal(left) or inverted (right) mass hierarchy with a significance of ∆χ2 = 25
for all possible values of δCP as a function of baseline. We assume no ντ CC background.
Baseline (km)
500 1000 1500 2000 2500 3000
R
e
qu
ire
d 
Ex
po
s
u
re
 
(kt
-
M
W
-
yr
)
0
50
100
150
200
250
300
350
400
450
500
CPδ=9 for all 
2χ∆Exposure to determine MH at 
Normal Hierarchy
Baseline (km)
500 1000 1500 2000 2500 3000
R
e
qu
ire
d 
Ex
po
s
u
re
 
(kt
-
M
W
-
yr
)
0
50
100
150
200
250
300
350
400
450
500
CPδ=9 for all 
2χ∆Exposure to determine MH at 
Inverted Hierarchy
FIG. 15. The exposure required to determine normal(left) or inverted (right) mass hierarchy with a significance of ∆χ2 = 9 for
all possible values of δCP as a function of baseline. We assume no ντ CC background.
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FIG. 16. The fraction of all possible δCP values for which we can observe CP violation with a sensitivity of at least 3σ
(∆χ2 = 9) for normal (left) and inverted (right) mass hierarchy as a function of baseline. The true mass hierarchy is assumed
to be unknown. The solid black (red dashed) line shows the result including zero (maximum) ντ CC background. The shaded
band shows the possible range in the fraction due to the uncertainty in the other oscillation parameters and considers both
octant solutions for θ23.
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FIG. 17. The fraction of all possible δCP values for which we can observe CP violation with a sensitivity of at least 3σ
(∆χ2 = 9) for normal (left) and inverted (right) mass hierarchy as a function of baseline. The true mass hierarchy is assumed
to be perfectly known. The solid black (red dashed) line shows the result including zero (maximum) ντ CC background. The
shaded band shows the possible range in the fraction due to the uncertainty in the other oscillation parameters and considers
both octant solutions for θ23.
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FIG. 18. The significance (σ =
√
∆χ2) at which CP violation can be observed as a function of the true value of δCP assuming
normal hierarchy for 300 km, 750 km, and 1300 km baselines. The significance is shown assuming the hierarchy is perfectly
known (black-solid) and assuming both hierarchy solutions are considered (red-dashed). Knowing the hierarchy improves the
CP sensitivity at 300 km and 750 km, but has no effect at 1300 km (or baselines > 1300 km).
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FIG. 19. The exposure required to observe CP violation with a significance of 5σ for 50% of all possible values of δCP , assuming
normal (left) and inverted (right) mass hierarchy, as a function of baseline. The true mass hierarchy is assumed to be unknown,
and we assume no ντ CC background.
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FIG. 20. The exposure required to observe CP violation with a significance of 3σ for 75% of all possible values of δCP , assuming
normal (left) and inverted (right) mass hierarchy, as a function of baseline. The true mass hierarchy is assumed to be unknown,
and we assume no ντ CC background.
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◦ (gray solid), +90◦ (black
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perfectly known.
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FIG. 22. The 1σ uncertainty in δCP as a function of the true value of δCP , assuming the true hierarchy is known to be normal,
for baselines of 300 km, 1300 km, and 3000 km.
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FIG. 23. The 1σ uncertainty in δCP as a function of baseline, assuming the true value of δCP is 0
◦, for normal (left) and
inverted (right) mass hierarchy. The true mass hierarchy is assumed to be perfectly known. The solid black (red dashed) line
shows the result including zero (maximum) ντ CC background. The shaded band shows the possible range in the resolution
due to the uncertainty in the other oscillation parameters and considers both octant solutions for θ23.
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FIG. 24. The fraction of all possible δCP values for which we can determine the θ23 octant with a sensitivity of at least 5σ
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FIG. 25. The 1σ uncertainty in sin2(2θ13) as a function of baseline assuming sin
2(2θ13) = 0.094 and δCP = 0 for normal (left)
and inverted (right) mass hierarchy. The true mass hierarchy is assumed to be perfectly known, and we assume no ντ CC
background.
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FIG. 26. The 1σ uncertainty in sin2(θ23) as a function of baseline assuming sin
2(θ23) = 0.39.
VI. CONCLUSION
We have studied the sensitivity to the key mea-
surements for an electron neutrino appearance experi-
ment as a function of baseline using a wide-band muon
neutrino beam and assuming a nominal exposure of
350 kt-MW-yr. The fluxes are optimized for each baseline
considered, assuming achievable beam power and energy
from the Fermilab proton complex. We find that a de-
tector at a baseline of at least 1000 km is optimal. In
particular, baselines of ∼1000-1500 km are optimal to
observe CP violation and measure δCP , the mass hierar-
chy is resolved for all δCP with ∆χ2 = 25 for baselines
greater than 1300 km, and the octant is resolved at 5σ
for all δCP for baselines greater than 1000 km.
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